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Abstract. Let G be a compact connected Lie group which is equipped with 
a bi-invariant Riemannian metric. Let m(x, y) = xy be the multiplication 
operator. We show the associated fibration m:GxG-»Gisa Riemannian 
submersion with totally geodesic fibers and we study the spectral geometry 
of this submersion. We show the pull back of eigenforms on the base have 
finite Fourier series on the total space and we give examples where arbitrarily 
many Fourier coefficients can be non-zero. We give necessary and sufficient 
conditions that the pull back of a form on the base is harmonic on the total 
space. 



1. Introduction 

The spectral geometry of Riemannian manifolds has been studied extensively; 
compact Lie groups play a central role in this investigation. For example, work of 
Schueth jlllj shows there are non-trivial isospectral families of left invariant metrics 
on compact Lie groups, although any such family which includes a bi-invariant 
metric is necessarily trivial; this work has been extended by Proctor [5]. Riemannian 
submersions of Lie groups with totally geodesic fibers have been studied by Ranjan 
We refer to for a further discussion of the spectral geometry of Riemannian 
submersions. 

In this paper, we shall study the spectral geometry of the multiplication map 
rn : G x G — > G where G is a compact Lie group. Adopt the following notational 
conventions. Let A P M := (dS + Sd) be the Laplace-Beltrami operator acting on 
the space of smooth p forms C°°(A P (M)) on a compact smooth closed Riemannian 
manifold M of dimension m. We summarize briefly the following well known facts 
which we shall need, see, for example pQ for further details. Denote the distinct 
eigenvalues and associated eigenspaces by: 

Spec(A^) = {0 = A < Ai < ... < A„ < ...}, 

E X (A P M ) = {</> e C°°{hP{M)) : X> u <j> = A0} . 

The spectral multiplicities dim{E\(A p M )} are all finite. Furthermore there is a 
complete orthonormal decomposition 



L 2 (Af(Af))=® AeSpcc(A P f) £; A (AP 



Ml ■ 

Let G be a compact connected Lie group which is equipped with a bi-invariant 
Riemannian metric ds G . Normalize the product metric on G x G by taking 

(l.a) dsQ xG = 2(dsQ © ds 2 G ) . 

The situation on 0- forms is particularly simple; we shall show in Section [21 that 
the pull-back of an eigenfunction is again an eigenfunction with the same eigenvalue: 
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Theorem 1.1. Let ds G be a bi-invariant metric on a compact Lie group G. Let 
ds GxG = 2{ds G © ds G ). Then the multiplication map m : G x G — > G is a Rie- 
mannian submersion with totally geodesic fibers and m*{E x (A G )} C E x (A GxG ). 

Let tt\ be orthogonal projection on E X (A P M ). If <j> 6 C°°(A P (M)), let be the 
number of eigenvalues A so that TT\<p 0; this is the number of distinct eigenvalues 
which are involved in the Fourier series decomposition of <fi. We shall use the Peter- 
Weyl theorem in Section [3] to show that: 

Theorem 1.2. Let ds G be a bi-invariant metric on a compact Lie group G. Let 
ds GxG = 2(ds%®ds%). Ifcbe E X (A G ), then M (m*0) < ( 2di f G} ) dim{E x (A G )}. 

The geometry of left invariant 1-forms plays a central role in our discussions. 
The following result will be established in Section 0] 

Theorem 1.3. Let ds G be a bi-invariant metric on a compact Lie group G. Let 
ds GxG = 2(ds G (Bds G ). Let <fi G E\(A G ) be left invariant. Then one may decompose 
m*<f> = $i + $ 2 where ^ $i G Es x (A GxG ) and ^ $ 2 G Ei x (A GxG ). 

Theorem II .21 shows that the pull back of an eigenform has a finite Fourier series. 
In Section[Sl we will use Theorem 1 1.31 to establish following result which shows that 
the number of eigenvalues involved in the Fourier decomposition of m*4> can be 
arbitrarily large: 

Theorem 1.4. Let p > 1 and let /io G N be given. There exists a bi-invariant 
metric on a compact Lie group G, there exists \, and there exists ^ 4> G E X {A V G ) 
so that fi(m*(f>) — fj-o- 

The Hodge-DeRham theorem identifies the n th cohomology group H n (M;C) 
of M with the space of harmonic n-forms Eq(A\j) if M is a compact Riemannian 
manifold. Thus the eigenvalue has a particular significance. Let A(Eq(A g )) be the 
subring generated over C by the harmonic 1-forms; one has that <f) G A n (Eo(A G )) 
if and only if one can express: 

cj) = a l<P X A -■ A ^" where «/ e C and ft G E (A G ) . 

\I\=n 

Theorem 1.5. Let ds G be a bi-invariant metric on a compact Lie group G. Let 
ds GxG = 2{ds G © ds G ). Assume G connected. 

(1) K n {E Q {A G )) c E (A G ). 

(2) cj) G A n (E (A G )) if and only ifm*^ G E (A GxG ). 

(3) Let G be simply connected. If cf) £ E (A G ) for n > 0, m*<f> c± E Q (A GxG ). 

One can consider more generally the situation where G and G x G are endowed 
with arbitrary left invariant metrics ds G and ds GxG where there is no a priori 
relation assumed between these metrics. The question of when this is a Riemannian 
submersion is an interesting one and will be studied in more detail in a subsequent 
paper. For the moment, however, we content ourselves in Section[7|by generalizing 
Theorem ll.2l to this setting: 

Theorem 1.6. Let G and G x G be equipped with left invariant metrics ds G and 
ds 2 GxG . If(f>eE x (A G ), then 

A*(mV) < ( 2din ; {G} ) 2 ( dim f } ) 2 dim{£; A (A^)} 4 . 

We remark that this bound is much worse than the bound given in Theorem IO 
at 2 different points in the proof we shall need to pass from a left invariant subspacc 
to a biinvariant subspace and this greatly increases estimate on the dimension. 
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2. The geometry of the multiplication map m 

Let 7r : X — > Y be a surjective smooth map where X and Y are compact 
Riemannian manifolds. We suppose that n is a submersion, i.e. that the map 
7r* : T X X — » T„ X Y is surjective for every x £ X, and let V (resp. TL) be the 
associated vertical (resp. horizontal) distribution: 

V := {£ G TA : tt*£ = 0} and ft := V x . 

We say that tt is a Riemannian submersion if 7r* : TY^ — » TY^ is an isometry Vx. 

The following example is instructive. Let m(u, v) = u + v define a linear map 
from ffi. 2 ™ — > R n . Take the standard Euclidean metric on R n . We may identify 
T x R 2n = K 2 " and T y R n = E n . Under this identification, 

V = Span ?eR n {(§£,-|£)} and n = s P an 5eR"{(K'50}- 

We have m*(|£, = £. Thus if £ is a unit vector in T y R n , we need that 
is a unit vector in X^R 2 ". This motivates the factor of 2 which appears in Equation 
(|l.a|) since the ordinary Euclidean length of i£) would be | and not 1. With 
this normalization, m becomes a Riemannian submersion. 

More generally, let G be a Lie group which is equipped with a bi-invariant 
Riemannian metric ds G . Let m(x,y) = xy be the multiplication operator from 
G x G — > G '. Let {ef} (resp. {ef }) be an orthonormal frame of left (resp. right) 
invariant vector fields on G. We assume ef (1) = ef (1) = et where 1 6 G is the 
unit of the group and where {ei} is an orthonormal basis for T\(G). Let exp be the 
exponential map in the group. Then the flows Sf and Sf of these vector fields are: 

3 f : (9, t)->g exp(ie 4 ) and af : (3, i) -> cxp(te t )3 . 

The multiplication map m defines a smooth surjective map m : G x G —> G. 
Consider the following curves in G x G with initial position ((71,32): 

7 si,92 . t ^ (g 1 exp(i(te 4 ),exp(-iie l )g 2 ), 

' 92 : t -> (giexp(ite. i ),exp(ite i )3 2 ), 
rf' 92 :^(exp(t ei ) 5 i, 52 ). 
We may identify T(G x G) = TG © TG. Because mrf' 92 : i -► exp(tei)gig 2 , 

m4if x ' 92 (0)} = ef(m(g 1 ,g 2 )). 

Consequently is surjective so m is a submersion. As m/yf 1 : t — > 3132 is 
independent of £, one has 7* = |(ef , — ef ) £ ker{m*}. It now follows that 

V := ker{m*} = Spaa{V« := |(ef , -ef)}, 

1 ' aj W := ker{m»} ± = Span{iJ 4 := |(ef , ef )} . 

Let L g and i? g denote left and right multiplication in the group. As Qi = Hi, 

(2-b) m^ gug2 - ) {H i (g 1 ,g 2 )} = (L gi )*(R g3 )*ei . 

Since L gi and R g2 are isometries, it follows that {m»flj(pi, (72)} is an orthonormal 
basis for T gig2 G. We have defined ds GxG = 2(ds G © ds G ). We show that m is a 
Riemannian submersion by computing: 

{Hi, Hj) GxG = 2|{(ef ,ef) G + (ef , ef ) G } = % 

(tf^GxG = 2l{(ef ,ef) G - (ef ,ef) G } = 0, 

(Vi, V 3 ) GxG = 2±{(ef , ef ) G + (ef , ef) G } = % . 

Fix h G G. The map T/, : (31,(72) — * (hg^ 1 , Sif 1 ' 1 ) i s an isometry G x G. Clearly 
Th{g\,g2) = (31,32) if and only if 31 = /i^" 1 and 32 = 3^/1 or equivalently if 
3i32 = h. Thus the fixed point set of T is m _1 (/i). Since the fixed point set of an 
isometry consists of the disjoint union of totally geodesic submanifolds, the fibers 
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of m, which are connected submanifolds diffeomorphic to G, are totally geodesic. It 
now follows that the mean curvature covector vanishes. Theorem 4.3.1 of 2 shows 
m*Ag = Ag xG m*. This completes the proof of Theorem ll.il 

3. The Peter- Weyl theorem 

We recall the classical Peter- Weyl theorem; for further details see, for example, 
0J|S]. Let G be a compact Lie group which is equipped with a bi-invariant metric; 
assume the metric is normalized so G has unit volume. If p is a smooth left repre- 
sentation of G on a finite dimensional complex vector space V, then by averaging an 
arbitrary innerproduct on V over the group we can always choose an innerproduct 
on V which is preserved by p. Thus any such representation is unitarizable. Let 
Irr(G) be the set of isomorphism classes of finite dimensional irreducible unitary left 
representations of G. We can decompose any finite dimensional left representation 
space V as a direct sum of irreducibles: 

V = ®peiti(G)n p V p ; 

the multiplicities n p are independent of the particular decomposition chosen and 
are non-zero for only finitely many p. 

Let {e{\ be an orthonormal basis for V p where p £ Irr(G). We may expand 
P(g) e i = J2j Pij(d) e j\ the functions pij £ G°°(G) are said to be the matrix coeffi- 
cients of p. We let 

H p := Span x <j ;J < d i m(p) {py} C L 2 (G) . 

It is easily verified that H p is invariant under both the left and right group action and 
that Hp is independent of the particular orthonormal basis chosen for V p ; isomorphic 
representations determine the same space. Furthermore, as a left representation 
space for G, H p is isomorphic to dim(p) copies of the original representation p. 

If V is any finite dimensional subspace of L 2 (G) which is left-invariant under 
G and which is abstractly isomorphic to V p as a representation space, then one 
has V C H p \ to put it another way, H p contains all the left submodulcs of L 2 (G) 
which are isomorphic to V p . Furthermore, we have a complete orthogonal direct 
sum decomposition 

L 2 (G) = ® pe \„(G) H p = ffipeirr(G) dim(p) ■ V p . 

This means that {pij}i<ij<dim(p),p6irr(G) is a complete orthonormal basis for L 2 (G). 

More generally, let {4> l L } be an orthonormal basis for the space of left invariant 
1-forms. If one has that / = {1 < i\ < ... < i p < dim(G)} is a multi-index, let 
:=0l A...A^ P ; the $£ are an orthonormal basis for the space of left invariant 
p-forms and as a left representation space for G one has: 

(3.a) L 2 (A P (G)) = ©p e i rr(G) , m=p ffp ® $£ = ©p e i rr( G) ( dim p {G} ) dim(V p )V p . 

The subspace H v p := (B\i\ =p H p ■ $£ is a bi-invariant G submodule of L 2 (A P (G)) 
which contain every left subrepresentation of G on L 2 (A P (G)) isomorphic to V p . 

Let tt\ be orthogonal projection from L 2 (A P (G)) to E\(Aq) and let fi(<p) be the 
number of eigenvalues A so tt\(4>) ^ 0. We prepare for the proof of Theorem 1 1.21 by 
establishing: 

Lemma 3.1. Let H C L 2 (A P (G)) be invariant under the action of L g for all g £ G. 
If<t>eH, then fi(ct>) < ( dim p {G} ) dim{#}. 

Proof. Clearly tt\H is non-trivial if and only if there exists p £ Irr(G) so that the 
multiplicities satisfy: 

n H (p) > and n Ex(A P c) (p) > 0. 
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Note that only a finite number of representations appear in H and only a finite 
number of eigenspaces involve any given representation. By Equation l|3.a|l . 

E { E 1 

P eIrr(G):n p (ff)#0 k \:n p (E x (A* ))#0 
P Glrr(G):n p (H)#0 k V ^ 7 

We can now establish Theorcm. il. 21 It is convenient to introduce rh(g, h) — gh . 
Let H = E\(Aq). Since the metric is bi-invariant, the Laplacian and hence the 
eigenspaces are preserved by both left and right multiplication. Let H := rh*H. 
We compute: 

m{L g £ (01, a 2 )} = m(gai,ha2) = gaxa^hT 1 = LfR^- 1 m(a 1 ,a 2 ), 
{LC* G ym*=m*(R^y(Lfy. 

Since H is invariant under both the left and right actions of G, H is invariant 
under the left action of G x G. We replace the group in question by G x G and 
apply Lemma |r?.ll to estimate /j.(m*(p). Since the metric on G x G is bi-invariant, 
ip(x,y) :— (xj-y^ 1 ) is an isometry of G x G. We have 

a 1 a 2 = m(oi, 02) = ffli(o^ ) _1 = m{ij){a\, 02)) 
and thus to* = ip*rh*. Consequently fj,(m*<f>) = fj>(ip* rh* 4>) = fJ,(m*(p). □ 

4. Left invariant 1-forms 

Let K P L {G) be the finite dimensional vector space of left invariant p- forms on G. 
Define the left and right actions of G on G x G by: 

^ , L hg : (x, y) -> (51, y), L 2 , 9 : (x, y) -> (z, gy), 

Ri, g ■ (x,y) ^ (xg,y), R 2 . g : (x, y) -> (x, yp) 
Consider the following subspaces: 

A p (G x G) = {6» e G°°(A p (G x G) : L* l g 6 = 6, R* g -iL% g 6 = 9 V g e G} . 

Lemma 4.1. Adopt the notation established above. Then: 

(1) d GxG {KP{G x G)} c A P+1 (G x G), 6 GxG {Ap +1 (G x G)} c A^(G x G), 
A p GxG {A"(GxG)} c Af(GxG), and Ap(GxG)AA«(GxG) C Af+«(GxG). 

(2) The map 6 — > 0(1) is an isomorphism from A P (G x G) to A P (G x G)(l). 

(3) to*{A^(G)} c Ap(G x G). 

Proof. Assertion (1) follows since the maps of Equation (|4.a|l are isometries and 
thus the pullbacks defined by these maps commute with d, 5, A, and A. To prove 
Assertion (2), define an action A of G x G on G x G by setting: 

Ag )h : (a, 6) -> (gah~ x ,hb) 
this is a fixed point free transitive isometric group action since 

Ag 1> h 1 Ag 2 .h 2 — A gi g 2 j ll f l2 . 

This exhibits G x G as a homogeneous space. We have furthermore that: 

m{ga,b) = gm(a,b), m o L\, g = L g o m, m* L* = L* g m* , 
m(ag^ 1 , gb) = m(a, b), to o L2.gR1.g-1 — to, R* iLj^m* = m* . 

Suppose that <j) G A^(G). Then L*</> = for all g. Consequently 

L* ig m*<f> = m*L*<f> == m*tf> and R\ g _ 1 L2 tg m*4> = m*<f>. 

Assertion (3) follows. □ 
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Fix an orthonormal frame {<fi l L } for A^(G) so that 
(4-b) A G {4} = Ai4 • 

Since right and left multiplication commute, right multiplication preserves A^(G). 
Thus we may decompose 

(4-c) R*A=Y,^Wl- 

3 

Since R g Rh = Rhg and since R\ = id, we have 

&j(g)£]k{h) = &k(hg) and &j(l) = . 

We may decompose A 1 (G x G) = A X (G) © A X (G). Define 

=5Z^(v)4W©0 and $ 2 (u,«) = O©0 4 L («). 

Lemma 4.2. Adopt the notation established above. 

(1) {$1,$2} «s a 6as«s /or A^G x G). 

(2) m*4 = $j + $ 2 . 

(3) A GxG d>j = 1^1 and *h*G*i = 5 A ^2- 

Proof. It is immediate from the definition that L\ g <&\ = $\, Ll g ^ l 2 = $ 2 > and 
i?* -ii2 ff $2 = ^2- We use Equation (|4~cl) to see: 

{ J Rt !S - 1 ^, 9 $l}(u, u )=^6 J -MCi fc (5- 1 )0lH©o 
= X>(w)&(0)&kGr 1 )^(«)®o 

Thus $i G A X (G x G) and $ 2 e A X (G x G). Because $1(1,1) = <p l L {\) © and 
because <&2 (1, 1) = Offi^(l), Assertion (1) now follows from Assertion (2) of Lemma 
14.11 We dualize Equations (|2.a(l and 12.b|l to see that 

{m*4}(l, 1) = 4(1) © 4(1) = {$1 + $!}(!, 1) ■ 
The identity of Assertion (2) of Lemma l4.2l now follows from Assertion (1) of Lemma 
14.21 and from Assertion (3) of Lemma \4. II 

Suppose <f> G A^(G). Then 5 G c/) € A° (G) is left-invariant and hence (5 G = c is 
constant. Since dc = 0, 

C 2 V0l(G) = {6g<I>,8g4>)l2(G) = (<l>,d G 5 G (f)) L 2 (A i G) = 0. 

Similarly if $ e A X (G x G), then <5 GxG <I> S A°(G x G) is invariant under the 
transitive group action A defined above. Consequently <5 GxG <I> — G constant and 
again 

G 2 vol(G x G) = (5 GxG <5>,S GxG <f>) L 2 {GxG) = ($, o! GxG (5gxg$)l2ai(gxG) = 0. 
Consequently one may express: 

(4.d) A G {4} = J G d G {4} and A GxG {$*} = WfcxG^i} for a = 1,2. 
Decompose 

M&} = £ i<fc <WiA^ and 5 G {4A4} = EiA jfe 4- 
We compute: 

AjfeVol(G) = (£ G {4 A 4}, 4)i^(AiG) = (4 A <f> k L,d(t)l) L 2 {A 2 G) 
= G yfe vol(G). 
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Consequently — C^. Equations l|4.b|) and (|4.d|l yield: 

^2 Ci jk C i3k (j> l L = S G < ^2 Cijk^L A 4> k L > = 8 G d G {<f) % L } = ^gWl} = >*<f>L 

j<k,l ^ j<k ' 

and consequently 

(4.e) Y l C ^ kC » k = XiSU ■ 

■j<k 

Let (72(^1,52) = 92 denote projection on the second factor. Since $ 2 = °20l an( ^ 
since + $2 = m*(jf L , 

dcxG{«j} = E i <fcC!yk*2A$§ 1 
dcxo^i + $1} = E,< fe C«fc(*i + a (*J + $1), 
(4i) d GxG {$\} = d GxG {$\ + $ 2 } - (fc xG {$j} 



We expand <5gxg{$ 2 A $2} = Eil^Mjfc^i + ^ij'fc^l}- Then, taking into account 
the normalizing factor of 2 in Equation Hl.a|l which dually yields a factor of \ on the 
inner product for A 1 (G x G) and a factor of 4 on the inner product for A 2 (G x G), 
one has: 

±L> Mj7c vol(G x G) = (<5 GxG {<J> J 2 A $l) L '2(Ai(GxG)) 

= ($ J 2 A ®%,d GxG {$i}) L 2 (A 2 (GxG)) = 0, 
5-Da,«fcVol(G x G) = (<5 GxG {$ 2 A Sift, $^y( A i(GxG)) 

= A d G x G {* 2 })L2(A2( GxG )) = jGyfcVOl(G X G) . 

This shows that 

(4.g) -Di,yfc = and D 2 ,yk = |CVjfc • 

Equations l|4.d|l . l|4~e|l . (|4~fj) . and | |4.g| ) yield: 

A GxG ($ 2 ) = fcx G d G x G {$ 2 } = I 51 C Uk C W®2 = §*i*2 ■ 

Similarly 

<5 GxG {$I A ^} = <5 GxG {$ 2 A *f } = fc xG {$j A = 2 E, Cjyk*'i 
and thus A GxG {$i} = §A,$i. □ 

5. ElGEN FORMS WHOSE PULL-BACK HAS MANY NON-ZERO FOURIER 

COEFFICIENTS 

Let S* 3 be the unit sphere in the quaternions H = R 4 ; this is a compact connected 
Lie group and the standard round metric is the only bi-invariant metric on S 
modulo rescaling. Fix 

^ f e E Xo (A%) 

with Ao 7^ 0. Since the first cohomology group of S 3 is trivial, there are no non- 
trivial harmonic 1-forms on S 3 . Thus we may choose 

o^eAi(S 3 )n£ Al (Ai 3 ) 

for some Ai > 0; we refer to [7] for additional details concerning the spectral 
geometry of S 3 ; S 3 could be replaced by any non-Abelian compact connected Lie 
group in this construction. 
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We first prove Theorem 1 1.41 in the special case that p = 1. Suppose that /i = 2k. 
Choose real numbers < tx < — < ife < 1- Choose si > ... > Sfc > 1 so 

Sa^a + t a Xi = Xq + Ai for 1 < a < k . 

Let G Q be S 3 with the rescaled metric <is G :— t^ds 2 ^ and let 4> a = 4> £ A^(G a ). 
Let G Q be 5* 3 with the rescaled metric ds 2 Q :— s~ x ds^ 3 and let f a = f € G°°(G a ). 
After taking into account the effect of the rescaling, we have 

f a eE SaXo (A%J, df a e£ SaAo (A^ Q ), and Q £ £ 4 „ Al (A G J . 

Let G = Gi x ... x G k x Gi x ... x G k . Decompose m*(<p a ) = + Let 
■0 := J2 a fa4> a - As the structures decouple, one has: 

a gM = I>«A + i a Ai)/ a a = (A + Ai)^ . 

a 

We can apply Theorem 1 1.31 to see 

Agxg™*^ = ^{(saAo + |i a Ai)m*/a • $i + (s Q A + ±t Q Ai)m*/ Q • 

Of 

= J2tt X ° + Al + 5^ A i) m */ Q • + (Ao + Ai - it Q Ai)m*/a • $f } • 

a 

The computations performed above then yield -0 £ -Eaq+A! (A^). Furthermore: 

m*(/ a )$?e J B Ao+Al+ i taAl (Aj ;xG ), 

m*(/ a )$?G£? Ao+Al _ itaAl (A^ xG ). 

Since < ti < ... < OT*^ nas a Fourier decomposition which involves 2fc = /io 
distinct eigenvalues. This establishes Theorem II .41 if v — 1 and if is even. 

If no = 2k + 1 is odd, we choose so so soAo = Ao + Ai. Then /o G E\ 1 +\ 2 (A G ). 
We apply the construction described above to G = Gi x ... x Gk x Go x ... x G& and 
to V> = dfa + firf) 1 + ... + ,fk<f> k ', the latter factors are not present if [i = 1. Since 
m*df Q G i?Ao+Ai (Ag x g), there are 2k + 1 distinct eigenvalues which are involved in 
the Fourier decomposition of ip. This completes the proof of Theorem 1 1.41 if p = 1. 
We take the product of G with circles S 1 and replace by </> A d6>i A ... A where 
00 is the usual periodic parameter on S 1 , to complete the proof if p > 1. □ 

6. Harmonic forms 

Before beginning the proof of Theorem 11.51 we must establish some technical 
results. Let g L be the Lie algebra of left invariant vector fields on G. The following 
results are well known; we sketch the proofs briefly: 

Lemma 6.1. Let <is G be a bi-invariant metric on a compact connected Lie group 
G. 

(1) If G Eq(Aq), then 6 is bi-invariant. 

(2) If rj is a bi-invariant vector field, then V77 = 0. 

(3) Let 9 G K\{G). If dO = 0, then V9 = 0. 

(4) IfQe A n (£ (A G )), then V0 = and G £ (A G ). 

Proof. The Hodge-DeRham theorem provides a natural identification of Eq(Aq) 
with the cohomology group H n (G; C). In particular, this identification is compatible 
with the action of L* and R*. Since G is connected, L* and R* act trivially on 
H n (G;C) and hence on B (A G ). Assertion (1) follows. 

To prove Assertion (2), we use well known facts concerning bi-invariant metrics 
on Lie groups; see, for example, UJ. Let exp(t£) be the integral curve through the 
identity for £ G g L (G). Let rj be bi-invariant. Assertion (2) follows as: 

= = \ dt {( i cxp(^))*(- R ox P (-tc))*»7} |t=o = d t r)\ t = = 0. 
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Let 9 G A^(G) with d9 = 0. Since 59 is left invariant, 59 = c is constant. Since 
A G c = 0, 59 = 0. Thus 9 is harmonic and hence bi-invariant. We use the metric to 
raise and lower indices and identify the tangent and cotangent spaces. Let 7/ be the 
corresponding dual bi-invariant vector field. By Assertion (2), rj is parallel. Thus, 
dually, 9 is parallel. This proves Assertion (3). 

Let G A 71 (Eq(Aq)). Then there are constants aj and harmonic 1-forms 9 l L so 

9= £ ai 9l A...A01". 
|j|=„ 

By assertion (3), = 0. Consequently VO = 0. On the other hand, one has 
d + 6 = ^{ext(e l ) - int(e l )}V fi! 

i 

where {e^} and {e 1 } are dual orthonormal frames for TG and T*G and where 
ext(-) and int(-) denote exterior and interior multiplication. Thus parallel forms are 
necessarily harmonic. Assertion (4) follows. □ 

We distinguish the two factors in the product to decompose 

A"(G x G) = ® P+q =„A p (Gi)®A«(G 2 ) . 

We let iTp^q denote orthogonal projection on the various components. The Kiinneth 
formula shows 

H n (Gx G;C) = © p+?= „iP'(G l ;C)®.H' 9 (G 2 ;C) 

and, as we have taken a product metric on G x G, we have a corresponding decom- 
position in the geometric context: 

G°°(A"(G x GO) = ® P+q = n C 00 {A p (GO ® A«(G 2 )}, 
^GxG = ©p+f"{^Gi ® id + id(g)Ag, 2 }, 
£o(A GxG ) = © p+g= „{£ (A Gi ) © i?o(A 9 G2 )} . 

Assertion (1) of Theorem II .51 follows from Lemma loTl To prove Assertion (2) of 
Theorem ll.51 suppose 

4> = a i dn A ■•• A <n G A"(£ (A G )) for ^ G S (A G ) . 

|7|=TJ 

As # is bi-invariant, J ' © 9* G A X (G x G). Since m*9(l, 1) = #(1, 1) © 6> J (1, 1), 
m*6W = 9 j © 6W. As d& = 0, dm*0 j = m*d6 j = 0. Thus m*^ G £ (A GxG ) so 
m*(f) G A n (£ , (A GxG )) is harmonic. 

Conversely suppose that m*<f> G Et)(A GxG ). We then have TTo in m*(f> is harmonic. 
Since ■Ko^ n m*4> = <j\§ = © 4>, 4> is harmonic and hence bi-invariant. Decompose 
(\> = X)|/|=n a/( ^£ as a sum °f l e ft invariant n-forms where the coefficients ai are 
constant. As m*4> is harmonic, m*4> is left invariant and decomposes in the form: 

m*4>= <>>ix-iM ©0 + 0© 0^) A ...A (4" ©O + Offi0 4 L "). 

0<ii<...<i„<dim(G) 

Choose the indexing convention so {(j) 1 , </> fc } is an orthonormal basis for Eq(Aq) 
and so {(j) k+1 , dlm ( G )} completes the set to an orthonormal basis for A^(G). We 
suppose that 4> ^ A n (</) 1 , ■ ..,<j) k ) and argue for a contradiction. Choose a minimal 
so 0»i,...,» a ji,...j(, 7^ where i a < k and k < ji < j% < ... < j&. By hypothesis a < n 
so > 1. Let 

00 A...A^ A^ 2 A...A^, 

:= A </>o + other terms 
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where the other terms do not involve the monomial 4> Q and where ^ <f> ^ Eq(Aq); 
4> = int(0o)</> £ A\(G). We may then expand 

7T lin _im*0 = (0 © 0) A (0 © 0o ) + other terms, 
d^n-xm* (j) = {d<j) © 0) A (0 © (f> ) + other terms . 

Consequently d<f> — since this is the only term of bi-degree (2, n — 1) multiplied by 
© O ; one then has d0 © = int(0 © <p )dm*(f). By Lemma IO (f> £ £J (A^). The 
contradiction completes the proof of Assertion (2). Assertion (3) is an immediate 
consequence of Assertion (2) since E (Aq) = {0} if G is simply connected. □ 



7. Finite Fourier series for general left invariant metrics 

Let dsQ be a left invariant metric on a compact Lie group G and let dsQ xG be a 
left invariant metric on G x G. We impose no relationship between the two metrics; 
in particular, we do not assume that the multiplication map m is a Riemannian 
submersion any more; it is an interesting question in its own right when this is 
possible and we shall investigate this question in more detail in a subsequent paper. 

We begin the proof of Theorem 1 1 . 61 with a technical result: 

Lemma 7.1. Let G be a compact Lie group. Let H be left invariant subspace of 
L 2 (hP(G)). Then there is a bi-invariant subspace Hi C L 2 (A P (G)) which contains 
H so that dim(J?i) < ( dim p {G} ) dim(iJ) 2 . 

Proof. The Lemma is immediate if dim(H) — oo so we may suppose H is finite 
dimensional. By decomposing H = ®iUiV Pi into irreducible representations, we 
may assume without loss of generality that H — V p where V p is an irreducible left 
representation space for G in the proof of Lemma f7. II We apply the Peter- Weyl 
theorem and use Equation l|3.a|l . Let 

H> = ® m=p H p ■ $£ = ( dim f>) dim(V p )V p . 

Then H C H v p . Since left and right multiplication commute, H% ■ R g is isomorphic 
to HP for any g £ G. Since H v p contains all representations isomorphic to V p , 
H^ ■ R g = HP is right invariant as well. □ 

Let 4> £ E\(Aq) be an eigen p-form. Apply Lemma 17.11 to choose a subspace 
Hi C L 2 (A P (G)) which is left and right invariant under the action of G, which 
contains E\(Aq), and which satisfies: 

dimOffO < ( dim f >) dim{£ A (A£)} 2 . 

Let m(a,b) = ab^ 1 . Then mL 9l , 92 = L gi R g -ifh. Consequently fa* Hi is a finite 
dimensional subspace of L 2 (A P (G x G)) which invariant under left multiplication in 
the group. Apply Lemma f7. II to choose a subspace Hi C L?(G x G) which is left 
and right under the action of G x G, which contains fa* Hi, and which satisfies: 

dim(ff 2 ) < ( 2di - {G} )( din ; {G }) 2 dim{£ A (A£)} 4 . 

Set ip(x,y) = Then ip*H2 is still bi-invariant and in particular is left 

invariant. Since ra*4> £ ip*H2, Lemma l3.1l can now be applied to show that 

Mm*0) < ( 2di "; {G} ) 2 ( dim f >) 2 dim{£; A (A£)} 4 . 
Theorem 11.61 now follows. □ 
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